The Scaled Boundary Finite Element Method (SBFEM) is a semi-analytical computational method initially developed in the 1990s. It has been widely applied in the fields of solid mechanics, as well as oceanic, geotechnical, hydraulic, electromagnetic, and acoustic engineering problems. Most of the published work on SBFEM has so far emphasised on its theoretical development and practical applications, and no explicit discussion on the numerical stability and accuracy of the SBFEM solution has been systematically documented so far. In order for a more reliable application in engineering practice, the inherent numerical problems associated with SBFEM solution procedures require thorough analysis in terms of its causes and the corresponding remedies. This study investigates the numerical performance of SBFEM with respect to matrix manipulation techniques and matrix properties. Some illustrative examples are employed to identify reasons for possible numerical difficulties, and corresponding solution schemes are also discussed to overcome these problems.
Introduction
The development of SBFEM can be dated back to mid-1990s [25] . It was initially termed as the Consistent Infinitesimal Finite-Element Cell Method, and was renamed as the Scaled Boundary Finite Element Method when the concept of solving problems was better understood. Since then, SBFEM has been utilised in various engineering fields with rapid recognition and acknowledgment. Apart from the wave propagation problem within the framework of dynamic unbounded medium-structure interaction, from which the concept of SBFEM was originally derived, SBFEM has been employed in fracture mechanics [28, 29, 30] by taking advantage of its capability to accurately capture the stress intensification around the crack tips. It has also been applied to solve wave diffraction problems around breakwaters and caissons by many researchers [10, 11, 23, 24] . Subsequently, SBFEM has been reformulated in computational electromagnetics to address waveguide eigenproblems [13] , extending its application to a new area.
One of the most significant concerns when assessing SBFEM's practical applicability, which is the same as other numerical methods, lies in the reliability of its solution, more specifically, the numerical stability and accuracy of its calculations. The original partial differential equations (PDEs) governing the physical problem, through the scaled boundary coordinate transformation and the weighted residual technique, is rewritten in the matrix-form of ordinary differential equations (ODEs), i.e., the scaled boundary finite element equation. The term 'matrix' refers to the coefficient matrices of the equation, which are calculated from the discretisation information of the domain boundary and are in the form of matrices. These coefficient matrices are used to formulate a Hamiltonian matrix, of which a matrix-decomposition is to be performed. The level of accuracy of the Hamiltonian matrix decomposition is a prerequisite for a valid SBFEM calculation. On the other hand, SBFEM is essentially vulnerable to the unavoidable rounding error associated with floating-point arithmetic, especially when the magnitudes of matrix entries calculated from input parameters differ significantly over a vast range. The rounding error can intensify over a sequence of matrix manipulations, especially matrix inversions, to such an unmanageable extent that it renders the SBFEM calculation meaningless.
Most of the literature in this area has focused on the theoretical development of SBFEM in terms of deriving its conceptual framework [6, 20, 21, 22, 26, 27] , and the technical issues in relation to the solution algorithms of the scaled boundary finite element equation [1, 2, 12, 17, 18] . No explicit emphasis has been given to the numerical stability and accuracy of the SBFEM solution, which leads to a discussion on its practical applicability. Filling this research gap is the motivation of this study in which the numerical credibility of SBFEM is explored, the technical reasons for the potential instability and inaccuracy are detected, and the corresponding solution schemes to overcome these problems are proposed.
Basic formulations of SBFEM
The concept of SBFEM originates from two robust numerical methods, i.e., the Finite Element Method (FEM) and the Boundary Element Method. By scaling the discretised boundary of the study domain with respect to a centre either outwards to address an unbounded domain, or inwards for a bounded domain, SBFEM describes the problem in question by using a radial coordinate and two circumferential coordinates. This reduces the spatial dimension of the problem by one in the solution process, as in the Boundary Element Method. The discretisation and assembly concepts are inherited from FEM, however, they are only applied on the boundary, which significantly minimises the discretisation effort and leads to substantially reduced degrees of freedom.
Detailed and systematic descriptions of key technical derivations of SBFEM and its solution schemes are abundantly documented and hence will not be duplicated. However a three-dimensional illustration of a bounded elastic problem is outlined herein to introduce some key equations for later reference.
The scaled boundary coordinate system (ξ, η, ζ), with ξ denoting the radial coordinate and η and ζ for the circumferential coordinates, is illustrated in Figure 1 . It is interrelated to the Cartesian coordinate system (x , ŷ , ẑ ) by the mapping function [N(η, ζ)] as:
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where ({x},{y},{z}) represents a nodal point on the discretised boundary; (x 0 , y 0 , z 0 )
represents the scaling centre O with respect to which the boundary is scaled. Note that as a convention in SBFEM, the coordinate of the Cartesian space is represented by ( )ˆ, , x y z and (x, y, z) is reserved for the coordinates on the boundary. However, x, y and z are still used when indicating directions in the following discussions. Figure 1 . Definition of the scaled boundary coordinate system [20] . 
Equation (2) is weakened along the discretised circumferential direction by employing either the weighted residual technique or the variational principle. Consequently, the scaled boundary finite element equation yields, and expressed in the nodal displacement function {u(ξ)} as:
with the internal nodal force {q(ξ)} written as:
P n ({x}, {y}, {z})
and [M 0 ] are the coefficient matrices obtained by boundary discretisation and assemblage.
Equation (3) is termed as the scaled boundary finite element equation. It is a linear second-order matrix-form ordinary differential equation, the solution {u(ξ)} of which represents the analytical variation of the nodal displacement in the radial direction. For elasto-static problems with ω = 0, equations (3) and (4) are formulated on the boundary where ξ = 1. The nodal force {R} -nodal displacement {u} relationship is introduced in the following format:
with [K] representing the static stiffness matrix on the boundary. Equation (3) is solved by introducing the variable {X(ξ)} to incorporate the nodal displacement function {u(ξ)} and the nodal force function {q(ξ)} as:
This results in first-order ordinary differential equations:
with 
Equation (10) is a non-linear first-order matrix-form ODE. In this instance, the main objective is to solve the dynamic stiffness matrix [S(ω)] from equation (10) and back substitute to equation (9) to obtain the nodal degrees of freedom {u}.
Being formulated either in the nodal displacement function {u(ξ)} or the dynamic which reduces the second-order ODE (3) to a first-order differential equation (7) . By hypothesising the displacement field in the form of the power series of the radial coordinate ξ, the solution of equation (7) can be formulated as: 
where λ i is the eigenvalue of [Z] and { } i φ is the corresponding eigenvector. Equation (11) can be reformulated in a matrix form as:
In equation (13) 
leaving the integral constants {C 1 } and {C 2 } to be determined according to the prescribed boundary conditions.
The displacement amplitude at the scaling centre where x = 0 for a bounded domain should be finite. Since the real parts of λ i in 2 Λ are negative, equations (14) and (15) 
and
Eliminating the constant vector {C 1 } from equations (16) and (17), and noticing that {R} = [K]{u} and {R} = {q(ξ = 1)} on the boundary, the following expression yields:
Consequently, the nodal displacement vector {u} and the constant vector {C 1 } can be calculated from equation (5) and equation (16), respectively.
After {C 1 } is determined, the nodal displacement function {u(ξ)} along the line defined by connecting the scaling centre and the corresponding node on the boundary is analytically obtained from equation (16) . For unbounded domains, the displacement amplitude at ξ = ∞ must remain finite and {R} = -{q(ξ = 1)} applies.
In real cases, however, the power series formulation may not provide a complete general solution, since logarithmic terms exist in problems involving particular geometric configurations, material composition and boundary conditions [3, 8, 15, 16] . In this case, 
Similar to the formulation in equation (13), the general solution of equation (7) using the real Schur decomposition is expressed as:
Accordingly, {u(ξ)} and {q(ξ)} can be expressed as:
The following solution procedure is the same as described for the eigenvalue decomposition in Section 3. A convergence test shows that 28 elements are required around the circumference, 5
elements along the radius and 50 elements for the height. The displacement of point A in the x direction converges to 8.0357 mm, and that in the z direction reaches 52.345 mm. 13 The displacement profiles of line AB (see Figure 3 ) from both SBFEM and FEM models are plotted in Figure 6 , in which lines are used to represent FEM results, and markers for SBFEM results. The comparison shows excellent performance of the real Schur decomposition in the SBFEM solution process.
Figure 6. Displacement comparison between SBFEM and FEM models
In order to demonstrate the superiority of the real Schur decomposition over the eigenvalue decomposition, the radial and vertical displacements of point A, calculated using the two matrix decomposition algorithms, are compared in Figure 7 . The tick labels on the horizontal axis represent different discretisation schemes. For example, 6×10×1
signifies that the numbers of elements in the circumferential, vertical and radial directions are 6, 10 and 1, respectively. It is found that by using the real Schur decomposition, no prior knowledge of the potential multiple eigenvalues is required and no complex number operation is performed, as is necessary in the case of the eigenvalue decomposition. The inversion of rank-deficient matrices can be efficiently avoided. The real Schur decomposition tends to give more stable and reliable results compared to the eigenvalue decomposition, as shown in Figure 7 . 
SBFEM non-dimensionalisation

Numerical issues associated with matrix properties
The case of a cylindrical pile subject to uniformly distributed pressure, as illustrated in (19) [
By examining the Hamiltonian matrix, it is found that the maximum magnitude of its entries is of 10 10 , resulting from the input parameter, i.e. the Young's modulus which holds a magnitude of 10 8 in the present case. The minimum magnitude, however, is 0. This significant difference in magnitudes of the matrix entries leads to the illconditioning of the matrix.
An elastic wave propagation problem in unbounded domain serves as another example illustrating the detrimental effects of large magnitudes of input parameters to SBFEM calculations. The case of a quarter of a square prism footing embedded in a semi-infinite half space presented in [19] is used herein to illustrate the problem. The geometry of the footing is reproduced in Figure 8 The interface between the footing and the unbounded domain is discretised into 12 eightnode quadratic quadrilateral elements, resulting in a total of 49 nodes, as shown in Figure   8 
where [ ] C ∞ and [ ] K ∞ are the constant dashpot matrix and the stiffness matrix, respectively.
is the residual of the two-term expansion of [S ∞ (ω)] at high frequency, and is expressed in a recursive form as:
with ( )
being the auxiliary matrices, and the superscript i denoting the order of the continued-fraction formulation. Substituting equation (25) into equation (9) yields: (27) Equation (27) can be reformulated in a matrix form as:
In equation ( (29): From the above discussions, it is necessary that input parameters are processed prior to calculations to improve the quality of matrices, for the benefit of subsequent computations. It is motivated to introduce the non-dimensionalisation scheme into the SBFEM calculation, as it allows all quantities to have relatively similar orders of magnitudes. The detailed procedure of non-dimensionalisation and its incorporation into the SBFEM formulation are presented in the next subsection.
SBFEM non-dimensionalisation procedure
Wolf and Song [25] presented a dimensional analysis identifying independent variables to which the dynamic stiffness matrix is related. The non-dimensionalisation scheme proposed in this study follows their idea. The dimensionless length r*, Young's modulus E* and the mass density ρ* are calculated using corresponding reference variables as r* = r/r r , E* = E/E r and ρ* = ρ/ρ r , respectively. The dimensions of the dynamic stiffness 
Another independent variable, the time t*, needs to be reformulated in the time-domain analysis as:
With all the above expressions, equation (3) retains exactly its original form. For ease of presentation, all asterisks are removed from the mathematical expressions thereafter unless specified otherwise.
Corresponding to the continued-fraction formulation of the dynamic stiffness matrix (25), the non-dimensionalised form of relevant matrices are derived as: 
Accordingly, equations (27) - (29) In order for the proposed parametric non-dimensionalisation scheme to be incorporated into the SBFEM calculation, a group of reference variables need to be specified beforehand so that, upon non-dimensionalisation, all relevant quantities involved in the calculation are of similar magnitude. Precision has to be considered at various 
The result is compared with that of an equivalent FEM modal analysis in Figure 10 (b).
The two curves agree extremely well. The same analysis using dimensional parameters in the SBFEM model is also attempted but fails due to the error accumulation during the calculation process, which renders the subsequent results meaningless. 
Transient analysis
The L-shaped panel is also utilised in this section to illustrate the incorporation of the parametric non-dimensionalisation into the transient analysis. The prescribed force condition, similar to that described in Song [18] , is specified as: uniformly distributed along line BC (see Figure 9 (a)) with the magnitude varying with respect to time as depicted in Figure 11 (a). In Figure 11 (a), the values of p peak , t total , t peak , t zero can be referred to in Table 2 , in which both dimensional and dimensionless parameters employed in this analysis are listed. The SBFEM analysis adopts the same discretisation model as that shown in Figure 9 An equivalent FEM analysis is also carried out for comparison purposes. Excellent agreement between FEM and SBFEM results is observed in Figure 12 , which compares the displacement in the x and y directions of point O, and the displacement histories in the y direction of points C and D (refer to Figure 9 (a)) from both FEM and SBFEM
calculations. An attempt of using original parameters in the SBFEM analysis does not produce any realistic results. matrix in the z direction of the unbounded domain calculated at specified frequencies before and after applying the non-dimensionalisation scheme is compared in Figure 13 . It is noticed that using dimensional parameters, the dynamic stiffness matrix is substantially different from that calculated using dimensionless parameters. Due to the unfavoured matrix properties, subsequent calculations from using dimensional parameters potentially lead to erroneous results, or even terminate the calculation in the process of matrix manipulations. By improving the properties of coefficient matrices, the nondimensionalisation scheme undoubtedly enhances the credibility of SBFEM calculations. 
Conclusions
The intense matrix calculations involved in SBFEM result in numerical instability when using this method to solve engineering problems. Therefore, in this study, emphasis is directed to the discussion of the numerical performance of SBFEM, which has not been systematically addressed in the literature. The discussion is carried out in two aspects, namely the matrix manipulation technique and the matrix properties. The eigenvalue decomposition of the Hamiltonian matrix leads to the underlying multiple eigenvalues associated with possible logarithmic terms in the solution. The real Schur decomposition can be adopted as an alternative since it circumvents this problem and provides more stable and accurate solutions. Furthermore, no manipulation of complex numbers is On the other hand, as SBFEM relies on intensive matrix computations, the property of all relevant matrices is of significant importance to the stability and accuracy of the results.
Therefore, we propose that, in all circumstances, a group of reference variables be predefined to non-dimensionalise input parameters, such as the geometric dimension, material properties and temporal variables, before performing the SBFEM calculation.
All relevant matrices thus present favourable properties to ensure the correctness of the calculations. Numerical examples with respect to elasto-statics, modal and transient analyses, as well as the wave propagation problem in unbounded domain formulated using the continued-fraction technique, show enhanced performance of SBFEM after applying the proposed non-dimensionalisation scheme. This study clarifies the reasons for potential numerical instability and inaccuracy in SBFEM, with corresponding solution schemes proposed to rectify these issues. This study is expected to warranty a reliable implement of SBFEM in solving engineering problems.
